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DunhamV observations, Uj/U is used in the comparison
shown in Fig. 5.

Conclusions
The laminar theory shows that the momentum coefficient

is an appropriate jet parameter for moderate values of h/R
and Uj/U is appropriate for larger values. This is borne out
by the experiments. The theory also shows that the effect of
the upstream boundary layer is important for small h/d and
is most significant for smaller values of the jet speed. As the
slot height approaches the boundary-layer thickness, this
effect becomes negligible. The upstream boundary layer
reduces the effectiveness of the jet in providing circulation
control.

The theory shows also that the effectiveness of the jet is
increased as the slot location is moved downstream. Dun-
ham7 warns, however, that this effectiveness is lost if the
boundary layer on the cylinder separates before the slot is
reached.
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Stress Redistribution and Instability
of Rotating Beams and Disks

E. J. BRTJNELLE*
Rensselaer Polytechnic Institute, Troy, N. Y.

Introduction

THIS Note reports the existence of a static inertio-elastic
instability of rotating beams and disks that has been

previously unnoticed. The instability is not the critical case
(yielding occurs first) for rotating structures made of the
usual metals but is of primary importance in rotating struc-
tures made of low-modulus, high-yield strength materials,
such as some plastic materials. Hence, there may be applica-
tions of this work for example to tethered space stations and
centrifugally stiffened plastic film helicopter rotors. The
instability has been unnoticed because in previous analyses
the centrifugal force has been assumed to be mQ2r (for the
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Fig. 1 Root stress
ratio <r(0)/(T (0)c* vs
rotational para-

meter.

beam) rather than the actual value of raO2 (r + u), where m
is the mass per unit length, 12 is the rotational speed, r is the
initial undeformed radius, and u is the radial displacement.
A corollary effect of this problem is that there is a stress-re-
distribution along the radius of the beam or disk due to the
inclusion of the pft2^ term at all values of 0 below the critical
value. The analysis is given in the following two sections.

Rotating Beam with Tip Mass
From elementary considerations the steady-state equation of
motion is given by

u + IQ + (EAu')' = 0 (1)
where primes denote differentiation with respect to the non-
dimensional radial distance £(i.e., 0 < £ < 1). For a canti-
levered beam with a tip mass M at the free end, the boundary
conditions are w(0) = 0 and u'(l) = (Ml/AE)W[l + u(l)].
Applications of the boundary conditions to the solution of
Eq. (1) yields the results that the displacement and the stress
are given by

cosfc(l - [M/ml]k tanfc)]} - £) (2)

<r(Q = #({cos/b£/[cos/c(l - [M/ml]k tanfc) ] } - 1) (3)

where

fc2 = ndW/EA

The classical values of u(£) and <r(£), for comparison, are
given by

• &2) + 3 - £2]£/6 (4)

- *•) + 3 - 3?]/6 (5)
It is noticed that Eqs. (2) and (3) possess instabilities when

k tanfc = ml/M (6)

and that Eqs. (4) and (5) possess no instabilities.

Table 1 KD vs ml/M

ml/M ko
0
0.05
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00

0
0.222
0.311
0.433
0.522
0.593
0.653
0.705
0.751
0.791
0.827
0.860

Mem- 1.571
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The solution of Eq. (6) for a given ml/M is denoted as
kD. Table 1 presents values of kD for given ml/M, and Fig. 1
plots 0"(0)/(7(0)cj for a wide range of k.

Rotating Disk
The appropriate equations are

pW(r + u) + d(rr/dr + (ov - <re)/r = 0 (7)

€r = du/dr = (ov - vae}/E (8)

€e = u/r = (0-0 — porr)/E (9)

Inverting Eqs. (8) and (9) and substituting the results into
Eq. (7) yields the displacement equilibrium equation

+ rdu/dr + [0*2(r/6)2 - l]u =

where
(10)

(11)

The general solution for u, crr, and (70 are then given by

u/b = AJi(Q*r/b) + tfF^r/6) - (r/6) (12)

(13)

(1 + *) (14)
Applying the boundary conditions w(a) = ov(6) = 0 yields for
A and 5,

4 = [(1 + iOri(0*a/&)

JB = [(a/6)OV0(0*) - (a

where

C = Fi(

(15)

(16)

(17)
The 0* at which the instability occurs is given by C = 0 and is
denoted by O*.D. These values are given in Table 2 for
v = 0.3 and various a/6 ratios. The corresponding classical
results are given by

(u/b\i = A*r/b + B*b/r - Q*2(r/6)3/8 (18)

(1 - v*)(<rr)ci/E = A#(l + ?) - B#(6/f)2(l - v) -
0»»(r/6)f(3 + y)/8 (19)

(1 - ^}Ma/E = A*(l + y) + 5*(6/r)2(l - p) -
fi*2(r/6)2(l + 3^)/8 (20)

and applying the boundary conditions
yields

= crr(6)ci = 0

A* = 0*2[(a/6

B. ~ 0,*[<«/&)<(:

Table 2 i

a/6

0.10
0.30
0.50
0.70
0.90

>)4(1 - v) + (3 + j>)]/8C*

1 + p) — (a/6)2 (3 + v)]/8C

t2*z> vs a/6 for p = 0.3

v = 0.3
a*^

2.088
2.404
3.183
5.194

15.605

(21)

?* (22)

Fig. 2 Tangential
hoop stress ratio &Q
(a)/ar0(a)ci vs rota-
tional parameter fit*.

where
= (a/6)2(l -. (23)

It is noted that no instability is present in the classical results.
Preliminary investigation showed that <TQ (a) is still the

largest stress (as it is in the classical case) so the important
result is the ratio (Te(a)/<re(a)ci plotted vs 0* for various a/6
ratios. These results are shown in Fig. 2.

Discussion

The preceeding two problems have been analyzed assuming
linear elastic behavior. It is to be noted that if the material
used has a nonlinear softening behaviorf the instability will
still exist and in fact will occur at a much lower rotational
speed.

t i.e. strain hardening material.

Streamwise Vortices in Reattaching
High-Speed Flows: A
Suggested Approach

JEAN J. GINOUX*
von Kdrm&n Institute, Belgium

r¥1HERE is experimental evidence of the systematic de-
-*- velopment of streamwise vortices in reattaching two-

dimensional supersonic flows. They have a remarkable
periodicity with a wavelength equal to two to three times the

Fig. 1 Span wise variation of skin friction for M — 5.3 flow
over a backward facing step.
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